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Abstract

We present an algorithm for causal discov-
ery of linear models using sequences of ex-
periments. The algorithm discovers the true
causal structure between the observed vari-
ables uniquely, even when there are latent
common causes. It detects the latent vari-
ables, determines their causal influence, and
the output can be analyzed by procedures de-
veloped by Silva et al. (2006) for discovery
of structure among latent variables. The al-
gorithm works with so-called edge breaking
interventions as well as weaker forms of in-
terventions that do not take full control of
the intervened variable. Since similar discov-
ery procedures are known to be impossible in
discrete models, the results show the power
of the linearity assumption.

1 INTRODUCTION

A recent BBC article claimed that drug consumption
caused family problems.! There are two general ways
in which one can establish such a causal claim. The
first is active, using data collected from an experiment,
while the second is passive, using data collected from
an observational study. The inferences one can draw
about the true causal structure depend on how the
data is collected, what tools are available for analysis,
and what assumptions one is willing to make about
the search space. Concretely, if the analysis is based
on (discrete) observational data, and no other infor-
mation (such as time-order) is available, then the di-
rection of the causal effect is often underdetermined.
If there is a correlation between drug consumption and
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family problems, and — let us suppose — no other vari-
ables are relevant, one can only conclude that drug
consumption has an influence on family problems or
that family problems lead to a change in drug con-
sumption. If, however, the data was obtained from a
randomized trial, in which drug doses were randomly
assigned to participants (ethical issues aside), and re-
ports of family problems (FP) were found to corre-
late with drug consumption (DC), then we would have
good evidence that drug consumption has a causal ef-
fect on family problems. The reasoning is simple: the
intervention (I) is “edge-breaking” (Spirtes et al. 2000,
Pearl 2000), so randomizing drug consumption makes
drug consumption independent of its causes. In par-
ticular, if there is a concern that the variables drug
consumption and family problems are confounded, by
a common cause, such as income (Inc), which may in-
fluence both variables, then the randomization would
break the influence from income on drug consumption:

Inc

I DC FP

It does not matter whether income is a measured or
latent variable. In both cases the randomization of
drug consumption would break the causal influence of
income on drug consumption.

Of course, income may be related to drug consump-
tion and family problems in quite different ways, so
we can ask the more general question of whether we
can uniquely discover the causal structure between in-
come, family problems and drug consumption, no mat-
ter what the causal structure is? Without assumptions
about the functional form of the causal relation and
with passive observational data alone the answer is
No, even when there are no latent variables (i.e. when
the set of variables is causally sufficient): There are
many causal structures that remain underdetermined



by independence relations among the measured vari-
ables (under the given assumptions) even in the large
sample limit. These structures form Markov equiva-
lence classes, in which all structures in the same class
imply the same conditional independence relations be-
tween the variables.

But suppose we can run a sequence of experiments,
each consisting of a randomized trial that varies one
variable at a time. Can we then discover the causal
structure? If we assume causal sufficiency, the answer
is Yes. In Eberhardt et. al. (2006) we proved:

Theorem 1.1 (Single Interventions, Causally Suffi-
cient). N — 1 experiments are sufficient and in the
worst case necessary to discover the causal structure
among N causally sufficient variables if only a single
variable can be randomized per experiment.

The result provides a worst case bound on the num-
ber of experiments for any active search strategy. The
bound is determined by the combinatorics of inferences
that can be drawn from different experiments, and ap-
plies to the large sample limit. Unfortunately, the re-
sult is no longer true if there are latent variables: The
following causal structures with two latent variables
L, and Lo cannot be distinguished by any sequence of
experiments randomizing only one variable per exper-

iment (Eberhardt 2007):

X——Y X——Y

Ly zZ Ly, I, zZ Ly

So despite the fact that a randomization is an “edge-
breaking” intervention, it is impossible to perform a
sequence of single intervention experiments that dis-
tinguishes the two causal structures. Intuitively, one
can see the problem that a randomization of X will
break the incoming L; — X edge in both graphs, but
that one cannot detect the absence of the X Z-edge
in the second graph because X and Z remain depen-
dent even conditional on Y. The problem, of course,
generalizes to many cases beyond this simple counter-
example.

One solution is to intervene on more variables simulta-
neously. In the above graphs, if X and Y are simulta-
neously and independently subject to a randomization
in the same experiment, then the two structures can
be distinguished, since X and Z will appear dependent
in the first, but independent in the second. This result
can be generalized to arbitrary numbers of variables,
but there is a downside: In the worst case any search
procedure that reliably discovers the causal structure
uniquely (in the large sample limit) requires several

experiments in which a large number of variables are
subject to a randomization simultaneously: in at least
one experiment all but one variable must be subject to
an intervention; if the search procedure is efficient in
the number of experiments performed, many more ex-
periments will have intervention set sizes greater than
N/2 for N variables. So the question we explore and
answer positively here, is whether we can add other as-
sumptions to the causal search procedure that would
make causal discovery in the presence of latent vari-
ables feasible without resorting to experiments with
large intervention sets.

2 TESTING FOR DIFFERENCES
IN CORRELATION

The results of the previous section apply to all search
procedures based on the assumptions given so far.
Traditionally, causal discovery algorithms split into
two categories: constraint based and score based al-
gorithms. Score based algorithms, such as the GES-
algorithm (Chickering 2002) compute a score for each
model given the measured data. The model with the
highest score is then deemed to be the most likely or
most plausible model given the data. This approach
has been generalized to experimental data in Tong &
Koller (2001), Murphy (2001) and Cooper and Yoo
(1999). In contrast, constraint based algorithms se-
lect models according to whether they entail the con-
straints judged to hold in the data (e.g. the PC- &
FCI algorithm: Spirtes et al. 2000). The most gen-
eral qualitative constraint for causal structure is (con-
ditional) independence. Independence entailments do
not depend upon any assumption about the functional
form (discrete or continuous) of the causal relation.
But of course, other constraints besides independence
might be useful and other constraints might well de-
pend on the parameterization of the model space. In
particular, we focus here on constraints involving dif-
ferences in correlations.

In the case of a causally sufficient set of variables, the
use of correlation differences provides no improvement
in the number of experiments needed for causal dis-
covery in the worst case — independence tests are all
one needs. Of course, there may be particular causal
structures that imply certain constraints on correla-
tions (e.g. tetrad constraints) that can be used to
identify the causal structure, where independence tests
provide no grounds for distinction. But in the case of
causal sufficiency, correlation differences do not pro-
vide any discovery benefits. However, in the case of
causal insufficiency, the impossibility results described
in the previous section can be avoided — at least if the
true causal model is linear. A causal model is linear if



each variable is a linear combination of its immediate
causes and independent noise.

Theorem 2.1 (Single Intervention, Correlation-Test,
Causally Insufficient). Given a set of N causally insuf-
ficient variables, N experiments are sufficient and in
the worst case necessary to determine the causal graph
among the N observed variables uniquely when only a
single intervention is allowed in each erperiment and
the model is linear.

In addition, further analysis allows us to determine the
presence and location of latent common causes:

Theorem 2.2 (Search for Latent Common Causes:
Single-Interventions). Given a set of N causally in-
sufficient variables and assuming the model is linear,
N single-intervention experiments are sufficient and
in the worst case necessary to determine, for each pair
of observed variables, whether the pair is confounded
by a latent common cause.

For the worst case, these theorems depend on a se-
quence of N experiments in which each experiment
&i, 0 <1 < N is a randomization of a different vari-
able X;. The sequence is — again only for the worst
case — order-independent. Proofs of these theorems
can be found in Eberhardt (2007)2%; here we only pro-
vide the algorithms that do the job. The theorems
signal a significant increase in the information that
can be obtained from a sequence of single intervention
experiments. Not only do the theorems imply that it
is possible to discover the causal structure among the
observed variables with single interventions despite the
fact that the set of variables is causally insufficient, but
one can even discover the location of latent variables.
To do so, requires a substantial amount of analysis of
the data, as will become evident from the following
example and the presentation of the algorithms.

2.1 EXAMPLE

We illustrate the result with one very simple example
over five variables.
X =Wy X Wy

€EXZz
exXy EXY

Y

Z Y

ey z €y z

VA

Suppose the true graph over V.= {V, W, X, Y, Z}, with
linear edge-coefficients, is given on the left, and assume
that each pair of variables is confounded by a latent
common cause not shown in the diagram (i.e. there are

2See sections 3.3.3 and A.1.3.
www.phil.cmu.edu/<tilde>fde/papers/thesis.pdf

(g) = 10 latent common causes that are not shown).
After performing N = 5 experiments, each involving
an intervention on a different variable, we can define
a partial ordering (>) over the variables, such that
X; = Xj if and only if X;)l X, in &;, the experiment
in which X is subject to an intervention. In our exam-
ple we find X = W =V and X = Y > Z. From this
partial order we can construct a partial order graph
(POG), which contains a direct edge X; — X if and
only if X; = X; and there does not exist X; € V
with X; = Xj, >~ X;. The POG for the partial order
here is shown as the graph on the right. It can be
shown that the POG is a subgraph of the true graph,
connecting any pair of variables that are connected in
the true graph. Further, for any two variables con-
nected by a direct edge in the POG, there is no longer
directed path between the two variables in the true
graph, i.e. if X — Y is in the POG, then there is no
path X — ... — Y in the true graph. This knowl-
edge in addition to the fact that a randomization of X
breaks any causal connection between X and Y due to
a latent or measured common cause, e.g. X «— C — Y,
allows us to infer that the correlation between X and
Y in the experiment in which X, but not Y, is ran-
domized, is entirely due to the direct XY -edge. Con-
sequently, we can determine the correlation due to the
direct edges between any two variables X and Y in the
POG, by estimating the unconditional correlation be-
tween these two variables in the experiment in which
the starting point of the edge is subject to intervention.
The correlation is equal to the true edge coefficient if
it is appropriately normalized.

Now, by considering connections in the POG in an
order over the paths that ensures that connections of
variables linked by shorter paths in the POG are deter-
mined before variables are considered that are further
apart®, we can test for additional direct edges between
any pair of variables X;, X; with X; >~ X;. We com-
pare the total correlation between the two variables in
the experiment in which X; is subject to an interven-
tion, with the correlation due to the paths between the
variables that are already known. Since the interven-
tion on X; breaks any influence of latent or measured
causes on X;, any measured correlation must be due
to directed paths from X; to X; among the observable
variables only. The basic idea is to test whether we can
account for the correlation between X; and X; in the
experiment in terms of the directed paths from X; to
X that we already know, and if not, to add appropri-
ate edges. If we start with “closer” connections in the
POG, we can ensure that all other direct connections
are known before we consider direct connections from
vertices high in the graph to ones close to the sink.

3See algorithm for details.



Concretely, in our example, we start with paths of
length 1 in the POG to determine the edge coefficient
of the direct edges. There are four, and we can consider
them in any order. Suppose we start from the leaves.
We first determine the correlation between W and V
in the experiment in which W was subject to an in-
tervention. Due to the way the POG was constructed
and the reasons explained above, the estimated un-
conditional correlation is equal (after normalization)
to ey on the WV-edge. Then we estimate the cor-
relation for the Y Z-edge in the experiment in which
Y was subject to an intervention, normalize and have
thereby determined ey . Similarly for the XY- and
XW-edges. We now know the edge coefficients for all
the edges in the POG. Next we consider paths of length
2 in the POG: X - W -V and X - Y — Z. In
this case, it does not matter which path we consider
first, but this is not generally true.* Assume we start
with the XWV-path. We test whether the active cor-
relation pxy between X and V in the experiment €x,
in which X was subject to an intervention, is equal to
the correlation due to the known path, i.e. whether
pxv = exwewy (again, assume appropriate normal-
ization). Since this is the case, no direct edge is added
from X to V. However, in the case of the XY Z-path,
pxz # exyeyz and hence an edge X — Z is added
and the residual correlation exz = pxz —exyeyz is
associated with the direct edge. If there were other
paths in the POG, they would be considered next, but
for this example we are done, we have discovered the
structure (and the edge coefficients on that structure)
over the observed variables.

We can now search for latent variables by comparing
the correlation due to the structure over the observed
variables with the passively observed correlation be-
tween variables. If they are not equal, there must
be latent variables. Let Lp refer to a latent com-
mon cause between variables A and B and let d4p be
the correlation between A and B due to the common
cause Lap (again, like the edge coefficients, appro-
priately normalized). In this case we start from the
root of the graph. If there are several roots, we must
check whether any pair of roots is confounded before
we consider other pairs of variables. Any pair of roots
is confounded just in case they are correlated in the
passive observational study.

Next, we first consider whether any direct edge from
a root is confounded by a latent variable. Concretely,
we test whether the active correlation pxw = exw is
equal to the passively observed correlation 7xy . If it

4For example if there is a path p of length 2 and a path ¢
of length 3 between X and Y in a POG, then all subpaths
of ¢ with length 2 need to be considered before the p is
considered. See algorithm.

is, there is no latent common cause between X and
W. If it is not equal, then we have discovered a la-
tent common cause Lxy and can associate the resid-
ual correlation with the latent common cause, i.e. we
can determine dxy . Next we consider any paths of
length two from the root, and so on. At each step
we must consider the correlations due to all (active®)
paths between variables, including those that involve
latent variables that were discovered in previous steps.
So when we consider whether there is a latent com-
mon cause of X and V we have to take into account
that there is a causal connection X «— Lxw — V that
contributes to the passive observational correlation be-
tween X and V. But since we know dxy we can take
that connection into account.

Once all confounders of the root and any other vari-
able have been considered, pairs of variables in the tier
below the root are considered, and then paths, in or-
der of their length, from variables in the tier below the
root to variables in lower tiers.

In our example, once we have tested for all latent com-
mon causes of the root X and any other variable, we
test in exactly the same way whether there are latent
common causes between W and Y, since they are both
direct descendents of X, and therefore in the next hi-
erarchical tier. We test whether the passive observa-
tional correlation between W and Y equals the corre-
lation resulting from all the known paths between the
two variables. However, we must take into account
correlations due to paths that may include latent vari-
ables. Assuming that there are in fact latent common
causes between every pair of variables in our example,
then we would already have discovered latent variables
Lxw and Lxy (among others) in the first round. So
for Y and W we test whether the passive observational
correlation Ty is equal to the sum of exwexy (the
correlation due to the Y XW-connection), dxyexw
(the correlation due to the Y Lxy W connection) and
dxwexy (the correlation due to the YLxw W con-
nection). If not, we have discovered Ly, a latent
common cause of Y and W, and can establish the cor-
relation that is due to its causal connection. Next we
consider latent common causes between the YW -tier
and variables in the tier directly below it, i.e. Z and
V. In a larger graph we would continue this procedure
of considering latent common causes between the WY -
tier and iteratively lower tiers. Once that is completed,
we move down one tier, i.e. here to the V Z-tier, and
repeat.

By considering potential latent common causes in a
particular top-down order (described precisely in the
algorithm), we can ensure that we discover all con-

5See algorithm.



founders among variables higher in the graph before
we consider confounders of variables closer to the sink.
By subtracting the correlations due to all known path-
ways from the passive observational correlations be-
tween two variables, we can identify all latent com-
mon causes between two variables, whenever they are
present.

3 ALGORITHMS

Presentation of the algorithms is simpler if we define
some concepts in advance. A post-manipulation graph
describes the causal structure among a set of variables
given a particular experimental set-up.

Definition 3.1 (Post Manipulation Graph). Given a
graph G = (V,E) and an experiment & in which a set
S C V of variables is subject to an intervention, the
post-manipulation graph of G is the graph where all
the edges incident on any intervened variable (X € S)

are removed. We will refer to the post-manipulation
graph of G as PM(G|&).

To identify causal connections between two variables
we use the notion of an active path. An active pathisa
causal connection that generates a correlation between
two variables given a particular conditioning set.

Definition 3.2 (Active Path). A vertex X is active
on a path relative to a (conditioning) set of vertices C
Just in case either (1) X is a collider (common effect),
and X or any of its descendents is in C, or (ii) X
is a non-collider and is not in C. A path p is active
relative to a set of vertices C just in case every vertex
on p is active relative to C.

To start the algorithm, we determine a partial order
over the variables using the sequence of experiments:

Definition 3.3 (Partial Order over Variables:
O(V,>)). Given a set of N experiments on a set of
N (causally insufficient) variables V such that each
experiment &; is a randomization of a different single
variable X;, define a partial oder (>) over the set of
variables V, such that X; > X; if and only if X;l X;

We then use a particular order over paths such that
shorter paths are considered before longer ones:
Definition 3.4 (Partial Order over Paths: O(P, <)).
Given a set P of directed paths, define a partial order
over paths in P such that for any two paths p1 = X1 —

.= X, andpy =Y, — ... =Y, with p1,ps € P
and Xq,..., X, Y1,... Y, €V

1. if length(p1) < length(ps) then p1 < po

2. if length(p1) = length(ps) then p1 < pa if there
exists a path ps € P, such that p1 C p3 and p3 =

Y1 — ... =Y (ie. p1 is contained in p3 and the
endpoints of ps are the same as those of ps2).

We can now specify the algorithm:

Algorithm 3.5 (Causal Path Computation: Ob-
served Structure). The algorithm assumes that N ex-
periments, each involving a randomization of a single
variable have been performed and that the true causal
model is a linear structural equation model. All corre-
lations are assumed to be appropriately normalized so
as to be interchangable with edge coefficients.

1. Initialize a graph G over the variables in V that
contains no edges.

2. Given the N experiments, sort the variables in V
according to the partial order O(V, =) over vari-
ables.

3. For each pair of variables X, Y such that X =Y
and for which there is no other variable Z € 'V
such that X = Z >'Y, substitute an edge X —'Y
in G and determine the correlation pxy from the
experiment where X is subject to an intervention.

Let exy = pxy and associate exy with the direct
edge X — Y.

4. Sort all directed paths in G of length greater than
two into a partial order over paths O(P, <).

5. For each path p with endpoints X and Y in
O(P, <), starting from the smallest ones in the
order, compute the total correlation pxy between
X and Y from the experiment where X was sub-
ject to an intervention.

6. Let P%y be the set of all (unconditionally) active
paths between X and Y in PM(G|Ex), where Ex
is the experiment in which X was randomized.

7. Test whether the total correlation pxy between the
endpoints X andY in Ex can be accounted for in
terms of the correlation due to the paths in P%
alone, i.e. if pxy = Zpeggj(y Heiep e;, where e;
is an edge coefficient of an edge on one such path.
If so, X andY are determined to be non-adjacent
in G. If not, substitute an edge X — Y in G
and associate the difference in correlation exy =

PXY — zp&ﬂ’}y HeiEp e; with that edge.

8. Paths created by the addition of the new edge are
NOT included in O(P, <), i.e. the partial ordering
over paths is not recomputed.

After all paths in O(P, <) are considered and the ap-
propriate edges added, the causal structure (and the
edge coefficients) among the observed variables are es-
tablished. We can now proceed to search for latent



common causes. 1o do so, we define a tier-ordering
over the observed variables V:

Definition 3.6 (Tier ordering over observed variables:
T(V,>=71)). Given a graph G a tier ordering (Ty >
. =7 Ty) over V is an ordering such that for all
X €V, X isin exactly one T; for 0 < i < w and if
X €T, for some i, then either i = 1 or there exists a
YeVwithYeT,_ 1 andY — X inG.

The definition implies that all the roots (and uncon-
nected variables) of a graph are in the first tier, and
that any variable connected to the root by a directed
path of length k is in the (k + 1) tier.

Algorithm 3.7 (Causal Path Computation: Latent
Variables). Given the graph G with edge coefficients
over the observed variables, determined by the previous
algorithm, let T(V,>=1) be a tier ordering over the
variables with w tiers.

For i from 1 tow (in that order),

1. For all pairs of variables X,Y € T;, with X #Y
choose an experiment € xy in which X andY are
passively observed.

2. Let P%y be the set of all (unconditionally) active
paths between X and Y in PM(G|Exy).

3. Compare the correlation 1% due to the paths in
Py with the total passive correlation Txy mea-
sured in Exy . If Tﬁy = Txv, then there is no
latent common cause of X and Y. If not, then
add a latent common cause X < L — 'Y to graph
G and associate the difference between the corre-
lations with the path X «— L — Y.

4. Forj ini+1 tow, while i < j,

(a) For all pairs of variables X, Y such that X €
T; and Y € T choose an experiment Exy in
which X and Y are passively observed.

(b) Let P%y be the set of all (uncondition-
ally) active paths between X and Y in
PM(Glexy).

(c) Compare the correlation T due to the paths
in Py with the total passive correlation Txy
measured in Exy. If ™%y = Txv, then
there is no latent common cause of X and
Y. If not, then add a latent common cause
X «— L — Y to the graph G and associate
the difference between the correlations with
the path X «— L — Y.

Return G with all the latent common causes and all
its edge coefficients (or correlations due to the latent
common cause).

Care must be taken when determining the active paths
in a particular post-manipulation graph. The experi-
mental intervention might break paths between X and
Y that would be active if all variables were passively
observed. Of course, if an “experiment” is available
in which all variables are passively observed, then the
determination of active paths between two variables is
simple, but there is no necessity for such an experi-
ment, and breaking additional paths by interventions
can make the tests of differences in correlation simpler
and more reliable.

One of the major advantages of these two algorithms is
that correlation tests are unconditional and therefore
can be computed on the basis of the entire data set
of an experiment. Consequently, the algorithm does
not run the risk of any conditional independence tests
that — if the conditioning set is large — are impossible,
because there is insufficient data. The real work is
done in accounting for and testing differences between
correlations due to different sets of pathways. These
can be intricate tests, since the difference in correlation
that a long pathway adds, might be very small. This is
less of a problem in the first algorithm — the search for
structure among the observed variables — since here
the long paths are built up piece by piece from the
different experiments and the only tests of differences
in correlations occur for additional short direct paths,
which would presumably make a significant difference
to the total correlation between two variables. The
problem of weak correlations due to long paths only
bites in the search for the presence of latent variables.

The second algorithm adds a latent common cause
only for pairs of variables. Consequently, if there is
(in fact) one latent common cause of three variables,
the algorithm will render this as three pair-wise com-
mon causes. Similar considerations apply if there are
more intricate causal relations between latent vari-
ables. However, we conjecture, that in certain circum-
stances we can recover such structure and structure
among latent variables by applying the Build-Pure-
Clusters-algorithm (Silva et al. 2006). The BPC-
algorithm is designed to search for structure among
latent variables, and the output our algorithms pro-
vide makes that search substantially easier. We have
not implemented such a move, but there are two ap-
proaches one could take:

1. Initialize the BPC-algorithm with the known
structure and edge coefficients over the observed
variables.

2. Remove the correlation due to the observed struc-
ture from the overall correlations between vari-
ables and run the BPC algorithm on the residual
correlations.



If multiple simultaneous interventions per experiment
are possible the analysis of the data is largely similar
to the above algorithms. However, there are two ad-
vantages: First, one can establish the partial ordering
over the variables in fewer experiments — O(logy(N))
experiments instead of N experiments — and second,
more direct connections between variables can be read
off immediately since any indirect path in one experi-
ment can be at most as long as the number of variables
not simultaneously subject to an intervention. How-
ever, care must be taken that the appropriate passive
observational information is available for the second
algorithm.%

4 DISCUSSION

It might appear that the randomization aspect of the
interventions is doing the work for these results, i.e.
that the results would not be possible if the incom-
ing edges from the latent common causes were not
broken by an intervention. We do not always have
the luxury of being able to perform randomized inter-
ventions. In particular, in the example discussed in
the introduction, ethical reasons will prevent a ran-
domized controlled trial on drug consumption. So are
our results irrelevant for these cases? The answer is
No. As society we do not stand helplessly in light
of the problem of drug consumption. We use ther-
apy to treat addicts and while we do not believe that
therapy makes drug consumption independent of its
normal causes (i.e. it is not an edge-breaking inter-
vention), we do think it can have some influence on
the intervened variable. This form of “soft” interven-
tion can be formally characterized as an intervention
that influences the conditional distribution of the in-
tervened variable on its causal parents, but does not
make the intervened variable independent of its causes:
If Y is a cause of X then a soft intervention” I on
X is such that: P(X|Y,I, = 1) # P(X|Y,I, = 0),
but it is not the case (as it would be if I, were edge-
breaking) that P(X|Y,I, = 1) = P(X|I, = 1). Of
course, a soft intervention of this kind does not break
confounding. Can we still use the above algorithms to
discover causal structure? — Yes: The above results
depend crucially on access to unconfounded variables,
not on edge-breaking interventions. Edge-breaking in-
terventions are one way of producing unconfounded
variables, but for soft interventions, the intervention
variables are also unconfounded. Therefore, given that
the causal structure is linear there exist sequences of
experiments only consisting of soft interventions that

SFor more detail, see Eberhardt (2007), sections 3.3.3,
5.3 and 5.4.

"For more detail on soft interventions see Eberhardt &
Scheines (2006), Korb et al. (2004).

permit the unique discovery of the causal structure
for a causally insufficient set of variables. If multiple
simultaneous weak interventions are possible, a sin-
gle experiment is in principle sufficient (Eberhardt &
Scheines 2006). The analysis proceeds largely anal-
ogously to the algorithms presented above, only that
differences in correlation need to be tested with regard
to the intervention variable, not with regard to the in-
tervened variable (since the latter remains confounded
despite the intervention). That is, if therapy (T) is a
soft intervention on drug consumption (DC), as shown
in the diagram below,

Inc

€IncDec €IncFP

eérpc

T DC FP

€EDCFP

then the test for the causal effect of DC on FP will
be a test of whether there is a correlation between
T and FP, i.e. whether prpp = 0. If it is non-
zero, then the causal influence of drug consumption
on family problems, epcpp, is given by division: i.e.
epcrp = prrp/erpc. The technique is very similar
to the theory of instrumental variables in economet-
rics. Sequences of experiments with soft interventions
can also be used to detect latent variables. The search
algorithm for latent variables is essentially the same as
the second algorithm above, but care needs to be taken
in how the soft interventions influence the intervened
variables.®

Without the assumption of linearity, soft interven-
tions are in the worst case of no use to causal discov-
ery in causally insufficient sets of variables, no mat-
ter whether single or multiple soft interventions are
permitted in each experiment: There always remain
causal structures that cannot be distinguished by any
sequence of soft-intervention experiments. The ability
to use tests of differences in correlations reverses these
results despite the softness of the intervention.

We do not believe that these results and algorithms
can be extended easily to the discrete case. As our
example showed, the results rely on the ability to com-
pute the effect of causal pathways individually, to com-
pute the correlation due to particular subsets of path-
ways and to be able to compare correlations according
to different pathways. This is not always possible for
discrete models. Discrete models may contain inter-
active effects?, which prevent an account of a causal
effect that can be associated with individual paths.

8More detail is given in Eberhardt (2007)

9Two variables X and Y have an interactive effect on
variables Z if the causal effect of X on Z is dependent on
the state of Y.



However, we conjecture that these results do hold for
discrete models that do not allow interactive causes,
such as, for example, noisy-or models. That is, lin-
earity is a sufficient condition, but we conjecture that
only some weaker condition such as additivity in the
functional form of the model is a necessary assump-
tion.

Lastly, our algorithms consider the worst case. If it is
known that not all variables are confounded by latent
variables or if the structure among the observed vari-
ables is sparse, a variety of adjustments can be made
and the number of experiments necessary and suffi-
cient for unique causal discovery can be reduced. The
characterization and implementation of the possible
adaptive procedures goes beyond this paper. Some re-
sults are available in Eberhardt (2007), but many more
questions remain to be answered.

5 CONCLUSION

We have described an algorithm that uses experimen-
tal data to uniquely determine the true causal struc-
ture among a set of causally insufficient variables in the
large sample limit. It assumes linearity of the causal
model, but allows for very weak forms of experimen-
tal intervention. We have indicated that linearity is a
sufficient condition, but that only much weaker con-
ditions are necessary. However, it is known that for
general discrete models similar search procedures are
impossible.

Our Causal Pathway Computation algorithms discover
the causal structure among the observed variables,
they detect the presence and location of latent com-
mon causes, and by integrating these results with al-
gorithms that search for structure among latent vari-
ables, we conjecture that one is able to discover (within
limits) the structure among latent variables as well.
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