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1. The answers to parts (a)-(c) are as follows:

(a) In a competitive equilibrium, the representative consumer solves
mlaxu(w(l —10),1),
and the first-order condition for an optimum is
—wug (w(l —1),1) +uz(w(l —1),1) = 0. (1)
The representative firm solves
max{[z(1 — 1) — w|n},

which implies that the firm’s demand for labor, n, is infinitely elastic at
w = z(1—t). In equilibrium, the government budget constraint is g = tzn,
and given that n = 1 — [ in a competitive equilibrium, the tax rate ¢ is
determined by

g
t= . 2
z(1=1) 2)
Since the demand for labor is perfectly elastic at the real wage w = z(1—t),
this must be the equilibrium real wage, so substituting for ¢ using (2), the
equilibrium real wage is given by
Y
=z — _ 3
w=z- L 3)
Then, substituting in equation (1) for w using (3), we obtain

>

- % ui(z(1—1) —g.) +up(z(1— 1) — g, 1) =0,  (4)
and equation (4) solves for equilibrium [. Let [* denote the quantity of
leisure that solves equation (4). Then we can solve for output as y* =
z(1 —1*), and for consumption from ¢* = y* — g. Finally, the equilibrium
tax rate and real wage can be determined from equations (2) and (3)
respectively, and employment is given by n* =1 —[*.
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When government spending is financed by a lump sum tax, we know that
the competitive equilibrium is Pareto optimal. Thus, the representative
consumer is at least as well off in this case as in part (a), and is better off
if we can show that the allocation here is different from the one in part (a).
Since the competitive equilibrium is Pareto optimal in this case, we can
solve for competitive equilibrium quantities by solving the social planner’s
problem
mlaxu(z(l —1)—g,l),

and the first-order condition for an optimum is
—zur(2(1 = 1) = g,0) + ua(2(1 = 1) — g, 1) = 0, (5)

which solves for the equilibrium quantity of leisure in this case, which we
denote by I**. Now, from (4), note that

—zug(2(1 = 1") — g,1") +up(2(1 = 1*) — g, 1) <0,

so [* # [**, and so the consumer is better off with lump-sum taxation than
with the proportional tax on output. This is because there is a distortion
caused by the proportional tax - the consumer and the firm do not face
the same effective real wage in equilibrium. As a result, there is a welfare
loss due to taxation.

Rewriting equations (4) and (5) respectively, the equilibrium quantity of
leisure in part (a) is determined by

PR —— (6)

while the equilibrium quantity of leisure in part (b) is determined by

z=¢(l), (7)

where
up(2(1 —1) —g,0)
ur(2(1—1) —g,0)

Now, differentiating (8) with respect to [, we obtain

¢(l) =

(8)

¢,(l) _ ul(—zulz + UZZ) — UZ(—ZUJ_;L + ulg) < 07

(u1)?
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assuming that consumption and leisure are normal goods. Therefore, since
the left-hand side of equation (6) is less than z for all [ € [0, 1], we must
have [* > [**. This then implies that employment is higher when there is
lump-sum taxation, output is higher, and consumption is higher. We have
already shown that the real wage is higher with lump sum taxation than
with proportional taxation of output. What is the intuition behind these
results? With lump sum taxation, the consumer faces a higher real wage,
which implies that, through positive income effects on consumption and
leisure, consumption and leisure will tend to rise. However, the substitu-
tion effect of the increase in the real wage will be for consumption to rise
and leisure to fall. There is also an additional effect, which is that the lump
sum tax results in a pure negative income effect (relative to proportional
taxation) on both consumption and leisure. On net, it is not clear from
this reasoning whether consumption rises or falls, or whether leisure rises
or falls. However, our analysis shows that leisure unambiguously falls and
consumption unambiguously rises (assuming of course that consumption
and leisure are normal goods).

2. Answers to parts (a) and (b) are as follows.

(a) In this economy the competitive equilibrium is identical to the Pareto
optimum, so we can solve for competitive equilibrium quantities by solving
the social planner’s problem, which is

max In(z(1—=1) 4+ ko) + S1nl]

Now, we cannot have a solution where [ = 0, since Inl — —oc as [ — 0.
The objective function in the above maximization problem is concave in [,
so to determine whether or not there is a corner solution with [ = 1, first
differentiate with respect to [ to obtain

0 —z

— In(2(1 — 1)+ ko) + fInl] = ————F—
Then, if we evaluate this derivative at [ = 1, we will have a corner solution
to the optimization problem with [ = 1 if and only if

2

—Z
— >0
A0,

and an interior solution if and only if

—Z
k—0+ﬁ<0.
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Thus, if;—§+ﬁ >0,thenl=1,n=0,and c =y = ko. If;—ozjtﬁ < 0, then
there is an interior solution with 0 < [ < 1. Setting the first derivative in
(9) to zero and solving for [, we obtain

[ — ﬁ(Z—l—ko)
2(1+0)°

Then, since ¢ =y = z(1 —[) + ko, we have

(10)

z+ ko
1+’

(11)

and given that n =1 — [, we get

zZ — ﬁk}o
n=——. 12
z(1+05) (12)
Now, to obtain equilibrium prices, first solve the firm’s optimization prob-
lem, which is
max(zn + k — wn — rk),

n,

which implies that the firm’s demand for labor, n, is perfectly elastic at
w = z, and the demand for capital is perfectly elastic at » = 1. Since the
supply of capital is perfectly inelastic in all cases (ko units of capital is
supplied for any r), in all cases the equilibrium rental rate on capital is
r = 1. The consumer will solve

max In(w(l —=1) +rko) + fInl],

which implies that the consumer chooses [ = 1 if w < f(rkg, and there will
be an interior solution otherwise. Therefore, the equilibrium real wage will
be w = z in the case where 72 + 3 < 0 (and 0 <[ < 1), and w € [z, Bko]
otherwise. If the capital stock is sufficiently large and the marginal product
of labor z is sufficiently small, then there are insufficient incentives for the
consumer to supply any labor in equilibrium, and the consumer takes all
his or her time as leisure.

If 22+ <0, then from (10)-(12) it is clear that leisure falls, employment
rises, consumption rises, and output rises when there is an increase in z.
As well, the real wage (w = z) increases. There is no effect on the rental
rate on capital. An increase in the marginal product of labor increases the
real wage, which implies a positive income effect on both consumption and
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leisure. However, there is a substitution effect, in that the relative price of
leisure has risen, and this will cause the consumer to substitute away from
consumption and towards leisure. On net consumption must rise, and for
this utility function the substitution effect on leisure is larger than the
income effect, so leisure falls and employment rises. If ;—; + 3 > 0, then
there is no effect of z on equilibrium prices and quantities (other than that
this affects the interval within which the real wage can fall), since neither
the firm’s nor the consumer’s decisions will be affected at the margin.

3. Since the competitive equilibrium is Pareto optimal here, then given {g;}%2,
and {z;}2,, we can solve for the competitive equilibrium sequence {l;}2, by
solving the social planner’s problem

X "
max  [u(z(1 =) — g, ly),
{lt}fﬁo t=0

and so the following sequence of first-order conditions must hold in a competitive
equilibrium.

—ZtU]_(Zt(l — lt) — 0Ot, lt) + uz(zt(l — lt) — G4, lt) = 0, (13)
fort =0,1,2,.... Now, since the government sets government spending to hold
private consumption constant at ¢; = ¢* for all ¢, we must also have

Zt(l — lt) — gt = C* (14)

fort =0,1,2,... . Here, equations (13) and (14) solve for I, and g, given z;, so
we can use these equations to do comparative statics in determining how [; and
g+ (and by implication output, employment, and the real interest rate) respond
to a change in z;. Totally differentiating equations (13) and (14), and arranging
in matrix form,
" ) #" # " #
Z U111 — 2ZU12 + Uz  ZU1l — U12 dlt . U1 + Z(l — lt)ull — (1 — lt)ulg

—Z -1 dgt —(1—1) da

Then, solving (I used Cramer’s rule), we obtain

dlt . —U1

dZt N \Y% < O’
% _ % _ 2wt (1 = 1) (zu12 — ug2)
dZt dZt \Y

> 0,
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with
V = zuip — upp > 0.

Note that, to sign all of the derivatives, I used the assumption u;; > 0, which
implies that goods are normal. Thus, when z; increases, consumption will tend
to rise and leisure may increase or decrease due to opposing income and substi-
tution effects. However, the government wants to hold consumption constant,
which requires that it must increase g;. This results in a negative income effect
on consumption and leisure which is sufficient to cause leisure to increase. Out-
put must increase as consumption is held constant while government purchases
have increased. Since w; = z; in equilibrium, the real wage rises when z; rises.
To determine the effects on the real interest rate, note that the consumer’s
optimization problem implies that the following first-order condition holds in
equilibrium:
ﬁul(ct+17 lt+l) . 1
ul(ct,lt) 1 —i-’f’t+17

but since ¢; = ¢* in equilibrium, we have

U1 (C*7 lt)
ﬁul(C*J lt+l)

for all £. Now, the results above imply that ¢, y;, n;, and w; will be constant for
t=20,1,2,...,T — 1. Then, consumption remains constant for t = T,T + 1, ...,
while output increases, employment increases, and the real wage increases (note
that government spending also increases) in period T and each of these variables
then remains constant forever. From equation (15), we will have rq = % -1
fort=0,1,....,T =2, T,T+1,..., but for t =T — 1, we will have

—1 (15)

Tt+1 =

ug (¢, 1%)

S L
rr ﬁul(c*’l**) ’

where [* > [**. Therefore, since uz, > 0, rp > % — 1, so that the real interest
rate increases temporarily in period 7'—1. In period T'—1 the consumer expects
consumption to stay constant and leisure to fall. Since u;, > 0, consumption
and leisure are complements, so the consumer will wish to increase consumption
in period T'— 1 and reduce it in future periods by borrowing in period 7" — 1.
This tends to increase the real interest rate so as to make the consumer willing
to accept the decrease in leisure.



