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1. Solutions are as follows.

(a)

Clearly it must be optimal for the young in each period to consume zero, so
the aggregate resource constraint for this economy is given by

F(Ki, L) + (1 = 6) Kt = Ky + Ly acf,

for t =0,1,2, ..., with Ky given, which we can write as

(o}

J(ke) + (1= 0)ks = ka1 (1 +n) + 1j——tn

A planner who could choose among steady states, where k; = k and ¢ = ¢°
for all ¢, solves
maxu [{(1+n)[f(k) = (n+ )k},

and since u(-) is a strictly increasing function, the optimal steady state is
characterized by the steady state capital stock k* that satisfies

fl(&") —d=n, (1)

i.e. at the optimum the net marginal product of capital equals the population
growth rate.

The government’s budget constraint is

Lt’Tt = Lt71¢t7
or ¢)
t
Tt 1+n @

Since consumers receive no utility from consumption when young, their savings
when young is equal to their disposable income, or

St =Wt — Tt

and when old they rent out the capital they acquired when young at the capital
rental rate r;, and then sell the remaining capital. We need to take account
of depreciation here. There are two ways to do this. Either assume an old
consumer rents one unit of capital to the firm, and receives r; units of capital
in return and what is left of the capital after depreciation, i.e. 1—¢ units, or that
the consumer rents a unit of capital in exchange for r; and receives one unit of
capital back from the firm after the rental. As long as you are consistent in how
the exchange is modeled from the firm’s side, either approach gives the same
result (though r; will be different). Taking the first approach, consumption in
old age for a consumer born in period t is given by

iy =1 =04+ r1)(we —7¢) + by yq-
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(d) The capital that is rented to firms in period ¢+ 1 is just L;s;, the total savings
of the young from the previous period, and the rental demand for capital from
firms is K;41 in period t + 1, so market-clearing in the capital rental market
each period gives

Kipq = Lysy,

or
kt+1(l+n) = Wt — T¢. (3)
From the firm’s optimization problem, in equilibrium we must have f’(k;) = r;
and f(kt) — ke f' (k) = we, so substituting in (3) and simplifying, we get
1

1+n [f (ke) = ke f' (Ke) — 4], (4)

kt—l—l =

which is a difference equation that solves for the sequence of competitive equi-
librium capital labor ratios {k:}$2, given k.

(e) Now, if the government sets 7 = 7 and ¢, = ¢ for all ¢, then from (2),
o= (1+n)T. (5)

What we have set up is a social security system, and n is the rate of return
that consumers receive through the system. For a given 7, the steady state
quantity of capital £**, from (4), is the solution to

1

k**:
14+n

[f(E™) = B f (k™) = 7] (6)

To find the level of 7 that implies a steady state competitive equlibrium with
k** = k*, since f'(k*) = n + 0, and letting 7* denote the optimal tax on the
young, from (6) we obtain

1
1+n

k= [f(K") = k" (n+0) —77]

or, solving for 7%,
T = f(E") = k(1 +2n+9) (7)
Then, an optimal policy satisfies (7) and the following two equations:
¢ = (Lt n)r
f(k)y=n+§

(f) Government policy here is a social security program that transfers wealth across
generations. Because of a fundamental market incompleteness, competitive
markets do not necessarily accomplish efficient intergenerational redistribution,
and the government can improve on the competitive equilibrium outcome. Note
that it is possible that 7* < 0, in which case wealth would be transferred from
the old to the young each period at the optimum.

2. The solutions are as follows:



(a)
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The competitive equilibrium and the Pareto optimum are the same allocation
here, so to solve for competitive equilibrium quantities we can solve the social
planner’s problem, letting v.(k, z:) denote the value function in even peri-
ods and v, (k¢, z¢) the value function in odd periods. There are two Bellman
equations, which are

’Ue(k't, Zt) — max [0* 111 (Ztk't — I{It+1) —+ ﬁEt’Uo(kt—i-l; Zt+1)]

kit

Vo(kt, 2¢) = max [0 In (zeky — key1) + BEe(kit1, 2e41)]

ki1

Guess that the value functions are
Ve(kt,2¢) = Ae + Belnky + De In 2,

Vo(kt,zt) = Ao+ BoInky + Dy In 2.

where the coefficients in the value functions need to be determined. Next, given
your guesses, solve the optimization problems on the right-hand sides of each
Bellman equation, and then equate coefficients on either side of the Bellman
equations. It is straightforward to show that the guesses concerning the value
functions are correct, and that the optimal decision rules for investment (= k¢41
here because there is 100% depreciation) are

BB, ziky

ki1 = m, for ¢ even,

ﬁBeztkt
= = f
ki1 0™ 1 3B, or t odd,
and B, and B, solve

B, = 0" + 8B,
B, = 0" + BB..

Then, solving for B, and B., and substituting back into the optimal decision
rules, we obtain

kiy1 = 7+ B0 , for t even,
B(O" + BO™)zky
ki1 = for ¢ odd.
t+1 7+ 50 , forto
Since ¢; + kiy1 = 2z¢ky, we also get
1— 820" 2k
Ct = (9*/‘3_—)59*:15, for ¢ even,
1— 2\ n**
c = M, for ¢ odd.

You can also solve for the other undetermined to coeflicients, to verify that

you actually guessed correctly concerning the functional forms for the value
functions.



(c)
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In even periods, investment is low, in anticipation of the fact that the marginal
utility of consumption will be low next period, while current consumption is
high because the current marginal utility of consumption is high. However, in
odd periods, investment is high and consumption is low. In response to the
“seasonal” fluctuations in the marginal utility of consumption, consumption
and investment fluctuate in a predictable fashion. In response to unpredictable
technology shocks, however, there is consumption smoothing. High z; implies
that current consumption is high and current investment is high as well, so
that future consumption will be higher.

For t even,

Eilny1 —Iny ] =p+mmpB+1n <ﬁ) ;

and for ¢ odd,

Eiflnyirr —Iny] =p+Ing+1n <%) ,
where p = FE;Inz;11. Therefore the expected growth rate in output in even
periods is lower than in odd periods, and anticipated growth rates are indepen-
dent of the current productivity shock, depending only on the mean of the log
of next period’s technology shock, 3, 8, and 0**. Output is expected to grow
at a higher rate in odd periods, when investment is high, and at a lower rate
in even periods, when investment is low. This is a simple theory of seasonal
cycles, driven by preference shocks, and business cycles, driven by technology
shocks.



